Blow up of Solution for the Generalized Boussinesq Equation with

Damping Term

Necat Polat? and Dogan KayaP

a Dicle University, Department of Mathematics, 21280 Diyarbakir, Turkey
b Firat University, Department of Mathematics, 23119 Elazig, Turkey

Reprint requeststo Dr. N. P; E-mail: npolat@dicle.edu.tr

Z. Naturforsch. 61a, 235—238 (2006); received April 11, 2006

We consider the blow up of solution to the initial boundary value problem for the generalized
Boussinesq equation with damping term. Under some assumptions we prove that the solution with

negativeinitial energy blows up in finite time.
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1. Introduction

In this paper, we study the blow up of solution of
the following initial boundary value problem for the
generalized Boussinesq equation with damping term:

Utt — Uk 6 Uxoox — A Usott — Uit

= B(UP)xx— p?u, XER,t>0, @)
U(—o0,1) = U(Ho0,t) = Uyx(—oo,t)

= Ug(+o0,t) =0, t>0, @

u(x,0) = up(x), (x,0) =u1(x), xeR, (3)

where 8, A, r > 0 areconstants, p# O0and 8 € R.

Scott Russell’s study [1] of solitary water waves mo-
tivated the development of nonlinear partial differen-
tial equations for the modeling wave phenomena in
fluids, plasmas, €elastic bodies, etc. Especially when
p=r=A=0and 3 =1 equation (1) becomes the
Boussinesq eguation

Ut — Uyx + OUoo = (U2)><><7

which is an important model that approximately de-
scribesthe propagation of long waves on shallow water
like the other Boussinesg equations (with Uyt instead
of Uxxx). This equation was first deduced by Boussi-
nesq [2]. Inthe case 6 > Othisequationislinearly sta-
ble and governs small nonlinear transverse oscillations
of an elastic beam (see[3] and referencestherein). Itis

called the“good” Boussinesq equation, whilethe equa-
tion with 6 < O received the name “bad” Boussinesq
equation since it possesses linear instability.

There is a considerable mathematical interest in the
Boussinesq equations which have been studied from
various aspects (see [4—7] and references therein). A
great deal of efforts has been made to establish suf-
ficient conditions for the nonexistence of global so-
lutions to various associated boundary value prob-
lems[6,g].

Levine and Sleeman [8] studied the global nonexis-
tence of solutions for the equation

Ukt — U — BUooox + 12(U2) 5 = O

with periodic boundary conditions. Turitsyn [6] proved
the blow up in the Boussinesq equations

Utt —Uxx+U)oo(x+ (UZ)XX - 0
and
Ukt — Uyx — Usoat + (U)xx = O

for the case of periodic boundary conditions and ob-
tained exact sufficient criteria of the collapse dynam-
ics. The generalization of the Boussinesg equation

Utt — Uyx + OUyox + F(U)xx = 0

was studied in numerous papers [9—17].
Liu[13, 14] studied the instability of solitary waves
for the generalized Boussinesq type equation

Utt — U + (T (U) 4 Ux)sx = 0,
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and established some blow up result for a nonlinear
Pochhammer-Chree equation

Uit — Ut — F(U)xx = 0.

Zhijian [16], Yang and Wang [17] studied the blow up
of solutionsto theinitial boundary value problems for
the Boussinesq equations

Utt — Uxx — BUxox = 0 (U)xx
and

Utt — Uxx — Usoat = O (U)xx.
Godefroy [9] showed the blow up of the solutions for
the following problem;

Utt:f(u)xx+u><xtt7 XeRatZO)

u(x,0) = uo(x), U(x,0) = uz(x),

U(4oo,t) = U(—oo,t) =0,

where f : R— RC®, f(0) =0.

In the Boussinesq equations, the effects of small
nonlinearity and dispersionistaken into consideration,
but in many real situations damping effects are com-
pared in strength to the nonlinear and dispersive one.
Therefore the damped Boussinesg equation is consid-
ered aswell:

Utt — DUy = — Otlooxx + Uk + ﬁ(uz)xm

where Uiy is the damping term and o,b = const. >
0, B = const. € R (see [3-5,7,18] and references
therein).

Varlamov [3, 7] investigated the long-time behavior
of solutionstoinitial value, spatialy periodic, and ini-
tial boundary value problems for the damped Boussi-
nesq equation in two space dimensions. Polat et al. [15]
established the blow up of the solutionsfor the damped
Boussinesq equation.

Lai and Wu [4], Lai et a. [5] investigated, respec-
tively, the global solution of the following generalized
damped Boussinesq equations:

Ut — AUty — 2Bl = —Clloare -+ U — P2U+ B(UP) e
and
Ut — AUkgtxx — 2DUtxx = —Cllyoo + Uk + B (U2)><x~

In this paper, we establish a blow up result for a so-
lution with negative initial energy of initial boundary
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value problem for the generalized Boussinesq equation
with damping term (1) - (3).

2. Existence and Uniqueness for the Solution

Theorem 1. Supposethat ug(x) € HSt! and uy(x) €
HSwiths>1.1f1>0,r >0andA+6 > § thenthere
exists a unique solution u(x,t) € C([0,T],HS*1) N
CL([0,T],H®) to the problem defined by (1) —(3).

Proof: For thiswerefertoLai etal. [5].

3. Blow up of Solution

We provefirst the following lemma.

Lemma 1. If there exist functions wo(x) € HS2
and vp(x) € H1 such that the initial values ug(x) and
U (X, 0) satisfy the relations

u(x,0) = (Wo(X)x, U(x,0) = (Vo(X))x,

thenforalt € T thesolution u(x,t) of (1)—(3) satisfies
u(x,t) = (w(x,t))x, with a corresponding evolution of
w(x,t), v(x,t) satisfying the system

VVt(Xat) = V(X7t)a

Vi — IV — AVxt 4
= Wi — SWhoox + B (W2 )y + P2W.
Proof. Writing (1) in theform
U = ZX7
Z — 2 — A2t (5)

X
:w—&m+ﬂﬁhj/p%m

and using (5) we obtain u(x,t) = u(x,0) + J3 z(x,s)ds.
The term u(x,0) is an x-derivative by hypothesis and
fé Z(X,S)ds is an x-derivative. Therefore there exists
a w(x,t) such that u(x,t) = (w(x,t))x, which gives,
from (1),

U= W,
Wit — W + OWigoox — AWt — MWkt
= B(Wx*)x — P°W.
Hence we easily obtain the system (4).

By the Lemma, the initial boundary value prob-
lem (1) —(3) corresponds the following problem:

(6)

Wit — Wheq + OWaoooe — A Waott — MWt

= B(W3)x — p2w,

()

XeR, t>0,
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WX(_w’t) :WX(+°°’t) = WXXX(_wat)
= Wyex(+o0,t) =0, t>0, ®
w(X,0) =wWo(X), Wt (x,0) =wi(X), XeR. (9)

Theorem 2. Suppose the initial values u(x,0) and
u; (X, 0) are choosen such that they satisfy thefollowing

assumptions:
(X))x, U (%,0) = (Vo

(i) u(x,0) = (wo

Wo € H¥2 and v € H'L, s>

. 1 P 2 1 2
(i)) E(0) = 5IMO)Iz+ = WOz + 5 [wx(0) I3+
o) 5 A > B

SO I3+ 5 (O I3+ 5 /72 woddx < 0.
Then the solution u(x,t) of problem (1)—(3) blows
upin finite time.

(x))x for some
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Taking L2 inner product of equation (7) with w; and

integrating the new equation over (0,t), we obtain
+oo +oo

Jroo
vvtwndx—/ Wthxdx—s—S/ Wi Wiooo X

+oo o0
Wk Wyt X — 1

—oo —oo

- Wk Waet OX

o0
Wy WX,

—oo

~+oo
=p - W (Wx %) xdx — p?
E'(t) +r|we(t)|5=0=
+r/ Wi (s)[|2ds= E(0) <0, t>0, (10)

where

Proof. In order to prove Theorem 2, we will use the
following lemma.

Lemma 2. Suppose that a positive, twice differen-
tiable function F (t) satisfiesont > 0 the inequality

A
+ =W (1) [[Z 4 = [ v ()| (12)
B [+
where v > 0 isaconstant. If F(0) > 0and F'(0) > 0, + E,/,m wldx, t>0.
then there exists a positive constant T < aF(, (2) such
that F (t) — e ast — T~ Let
t
F(t) = HW(t)H§+7LIIWx(t)H§+r/O [wx(s)|[5ds+ (T* —t)[[Woxl|3 + Bo(t + 7)?,  t €[0T, (12)

where T*, Bp and 7 are positive constants to be specified later. Suppose that the maximal time of existence of the
solution for problem (1) —(3) isinfinite. A contradiction will be obtained by Lemma 2. Obviously we have

F'(t)=2 [(W,Wt) + A (Wy, Wyt ) +r/0t(wx,th)ds+ Bo(t+71)|.

(13)

Using the Schwarz inequality and the inequality (a1by + ...+ anbn)? < (a2 +... +a2)(b? +... + b2), where
a,bj >0(i=1,...,n), wehave

F2(0) < AW 3+ A (OB +1 [ ws(3) 1Bk Boft+ 7] [k 03+ 2w 1B+ [ e () B+ o
= 4[F ()~ (T ) o]3] [ (013 A e O3 + 1 [ o () Bk + o

< aF ) (I O + A we O3 +7 [ se ()35 Bo).

F(t) =

(14)

2 [[Iwt (6113 + (Wi Wee ) + 2 [ e ()13 + 2 (Wae, Wher) + 1 (Wi, Wae ) + o

2 013+ 2 s 03 — 2wit) 3~ [ (013~ Bllwi )3~ B | s+ o)

5 5 2 1 P (19
2( SO+ 52 s 013+ 5 1) 3+ 5ol + 5w

[ (9] s~ 3E(0)+ o).
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where (10) has been used. From (13)—(15) we obtain
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FOF'©) - (14 ) F20 2 FOF' 0 - (4 ) 0 ([ O13+ Al O 18 +1 [ fws(5)Eds+ fo)

=F(t) | (1— o) [w(t)[|Z+ (1~ o)A e (1) 13+ P [w(t) 12+ [wac(t) 13

(16)

+ lwadt) 3+ (2 ) [ fwsa(9)fads — 6E(0) — (2-+ )]

Taking 0 < ot < 1, Bo = —»>-E(0) > 0, then from the

2+o
inequality (16), we get

F(OF"(t) — (1+%) F2(t)>0, te[0,T*]. (17)

We may now choose T and T * such that
(Wo, W1 ) + A (Wox, Wax) + BoT > O,

0t [(Wo, W1 ) + A (Wox, W) + Bot] > 2[|wox||3, (18)

T+ [ Wol|3+ A ||Woul|3 + Bot?
~ o[ (Wo, W) + A (Wox, Wix) + BoT] — 2||W0XH%

Then
F'(0) = 2[(wo, W1 ) + A (Wox, Wix) + Bot] > O,

~ 4F(0)
= aF’(0)

[1] J. Scott Russell, Br. Assoc. Rep. 311 (1844).

[2] J.V.Boussinesq, C. R. Acad. Sci. Paris 73, 256 (1871).

[3] V.V.Varlamov, Discrete Cont. Dyn. S. 7, 675 (2001).

[4] S. La and Y. Wu, Discrete Cont. Dyn. S. B 3, 401
(2003).

[5] S.Lai,Y.Wu,andX.Yang, Commun. Pure Appl. Anal.
3, 319 (2004).

[6] S.K. Turitsyn, Phys. Rev. E 47, 796 (1993).

[7] V.V. Varlamov, Int. J. Maths. & Math. Sci. 22, 131
(1999).

[8] H.A. Levine and B.D. Sleeman, J. Math. Anal. Appl.
107, 206 (1985).

[9] A.D. Godefroy, IMA J. Appl. Math. 60, 123 (1998).

_ 2(||wol|Z + 2 [|wox||5 + T* [wox||3 + Bot?)
o[ (Wo, W1) + A (Wox, Wix) + BoT]
<T*.

(19)

From Lemma 2 we know that F (t) becomesinfinite at
atimeT; at most equal to

~7_4F(0)
T =aF ="

And therefore we have a contradiction with the fact
that the maximal time of existence is infinite. Hence
thereisablow up in finite time, and the maximal time
of existenceisfinite. So

t ~
Iw(t) 13+ wa(t)||§+/0 Iwx(s)[|3ds — oo ast — T

This completes the proof.

[10] C. Guowang and W. Shubin, Nonlinear Anal. 36, 961
(1999).

[11] V.K. Kalantarov and O.A. Ladyzhenskaya, J. Soviet
Math. 10, 53 (1978).

[12] H.A.Levine, Trans. Am. Math. Soc. 192, 1 (1974).

[13] Y. Liu, J. Dynamics Diff. Eq. 5, 537 (1993).

[14] Y. Liu, Indiana Univ. Math. J. 45, 797 (1996).

[15] N. Polat, D. Kaya, and H.I. Tutalar, Z. Naturforsch.
60a, 473 (2005).

[16] Y. Zhijian, Nonlinear Anal. 51, 1259 (2002).

[17] Z. Yang and X. Wang, J. Math. Anal. Appl. 278, 335
(2003).

[18] Y.A.Liand P J. Olver, J. Diff. Eq. 162, 27 (2000).



